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Summary. The extension of piezoresistance coefficient extraction method was proposed, for
protection from errors in estimation of the thickness of the test structure membrane . This new
approach requires finding models of elements of matrix of integrated stresses as functions of the
membrane thickness. Additionally, two test structures with different thickness of the membrane
have to be used. This improved method gives the more credible estimation of piezoresistance
coefficients piL and piT and the thickness of the membranes of the used test structures.
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Introduction
The requirements for performances of piezoresistive
sensors induce the necessity of optimisation of its
functional parameters. Modelling is the significant
tool in optimisation process. Longitudinal
piezoresistance coefficient piL and transversal
piezoresistance coefficient piT are necessary for
modelling piezoresistors.
The method for calculating piezoresistance
coefficients piL and piT for homogenous layers is
known from literature [1], [2], [3], [4]. This method
requires well-defined piezoresistance tensor Π
dependent on the type of conductivity and doping
concentration of the semiconductor.
Ion implantation and diffusion is used for
fabrication of piezoresistors. In this case modelling
with piezoresistance coefficient extracted for uniform
doped semiconductor is out of credibility. For that
reason, effective longitudinal and transversal
piezoresistance coefficients should be extracted for
the given technology.
First approach to extraction problem
The useful approach for solving extraction problem
was proposed [5]. For piezoresistor of layout
presented in Fig. 1 the resistance R under the stress
can be calculated using the following formula [5]:
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where σL(x) and σT(x)  are longitudinal and transverse
components of the stress along piezoresistor
calculated by Finite Element Method (FEM)
simulation, R0 is the measured value of piezoresistor
without the stress and LR00 =ρ . Denoting:
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also 0RRR −=∆  and d= 0ρR∆ , we get:
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Fig. 1: Layout of the piezoresistor: L is its length, σL
and σT are stress components.
Considering two completely different resistors on the
test structure, we have the system of two linear
equations with two unknown piezoresistance
coefficients:
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In matrix notation, this system has the form:
piAd = (5)
The resolution of this system for the given technology
are values of piL and piT.
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Test structure
The adequate test structure is necessary for extraction
of piezoresistance coefficients using presented above
method. As a test structure, silicon pressure sensor
was considered. The structure was fabricated in
standard CMOS technology for 5 µm design rule with
incorporated anisotropy etching. N-type <100> silicon
wafers was applied as a substrate. Four p-type
resistors oriented with the [110] crystallographic
direction are implanted into the n-type membrane.
Piezoresistors are connected into the Wheatstone
bridge. The FEM simulation of the sensor was
performed for 100-kPa pressure applied to the test
structure with the membrane thickness 15µm to
35µm, using SAMCEF system [6]. The exact
distributions of the stress components σL(x) and σT(x)
along piezoresistors are extracted from the simulation
results. The distributions of the stress components
across the piezoresistors modelled by the second order
polynomials are integrated in formula (2), to get the
matrix A. Elements of this matrix versus test structure
membrane thickness are presented in Fig. 2.
Fig. 2: Elements of matrix A versus membrane
thickness
Conditioning of extraction problem
For the assumed test structure, conditioning of
extraction problem was investigated [7]. Assuming no
computational error in the solution process, we had
the problem: what will be the error in vector pi for the
given errors in matrix A and vector d? Estimations
well known in numerical analysis were used [8] for
solving this problem. For this purpose, the condition
number of problem (5) was defined:
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||max||||  is the corresponding matrix norm
depends on above mentioned vector norm. Condition
number is the largest factor by which a relative error
in input data can be multiplied when propagate into a
relative error in pi. It can be named factor of error
propagation. In general, the value of condition
number is greater than one. Well-conditioned
problems have condition numbers between 1 and 10.
They propagate relative errors by a factor no larger
than 10. Ill-conditioned problem have condition
numbers greater than 100.
Fig. 3: Condition number versus membrane thickness.
For the given test structure, condition number as a
function of its membrane thickness was estimated
(Fig. 3). This condition number is less than 1.27. It
means, used test structure implies well-conditioned
matrix A.
Error propagation
Errors of the extraction with assumptions about some
errors of input data were estimated, for the given
condition number.
The errors of vector d result from statistical
disturbances inherent in technological process.
Because of disturbances in the process, the parameters
of piezoresistors can change from lot to lot, from
wafer to wafer and from chip to chip. Especially, error
of d is composed of error of estimation of the length L
and errors of resistance R and R0. These errors have a
statistical nature. Therefore, they can be considered
by manifold extraction of piezoresistance coefficient
and statistical estimation.
It becomes to note intuitive obvious fact that the
error of L can be partly self-compensated. The
changes of L influence the left side of expression (3).
In similar way, it influences its right side, by
determination of the area of integration in expression
(2).
Relative error of matrix A results from error of
definition of the thickness of the test structure
membrane. FEM simulation is performed for assumed
value of the pressure and assumed thickness of the
membrane. This thickness can differ from the real
thickness resulted from random disturbances in the
technological process.  Therefore, the matrix A used
for solving system (5) can be charged by the error.
For example, assuming nominal thickness of the
membrane 20 µm and difference between simulated
membrane and manufactured membrane about 1 µm,
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we have the error of matrix A greater than 10%. This
error can significantly prevail over the error of vector
d.
Now the relative error of pi assuming errors in
matrix A and vector d can be considered. For our
consideration, we assume condition number of matrix
A equal to 1.27, relative error |||||||| AA∆  less than
10% and summary relative error |||||||| dd∆  less than
1.0%.
If 1||||||||)( <∆⋅ AAAcond , the relationship
between their relative errors and relative error of pi 
can be estimated by the formula:
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From here, we have total relative error ||∆pi||/||pi|| less
than 16%.
If d is error free but matrix A has error ∆A, we can
use the estimation:
( )
( ) AAAcond
AAAcond
∆⋅−
∆⋅
≤
∆
1pi
pi
. (10)
For that reason, the relative error ||∆pi||/||pi|| is less
than 14.55%.
There are two conclusions from this investigation:
1) Proposed method coupled with the given test
structure is well-conditioned. It means that input
data error propagation factor is near one (Fig. 3).
2) If the input data is charged by an error then the
result of extraction is charged by at least the same
error like the input data error. This is true also for
well-conditioned method of extraction.
Improvement of the method
Above mentioned analysis shows that considered
method has some disadvantage. The results of
piezoresistance coefficient extraction can be charged
by some significant error. It follows from the error in
the estimation of the thickness of the test structure
membrane. We propose the improvement of the
presented above extraction method, for protection
from this disadvantage.
Piezoresistance coefficient is a function of the
property of the piezoresistive layer. On the other
hand, it is not dependent on the thickness of the
membrane. It means: for two test structures with
different membrane thickness manufactured in the
same technological process, the results of extraction
have to be the same.
For assumed nominal value of the pressure the
elements of matrix A are non-linear functions of the
membrane thickness t (Fig. 2). These dependencies
can be modelled for the assumed range of t changes,
using regression analysis method.
Proposed algorithm consists of several steps:
1. Calculate components of matrix A, for several
values of t located in assumed range of changes.
Model these components as dependent on t
nonlinear functions, for instance polynomials.
2. Select two test structures with explicitly different
thickness of the membrane.
3. Measure two resistors on both test structures
without the pressure and with the nominal value of
the pressure. Evaluate vectors d for both test
structures.
4. Scan the entire domain of changes of the thickness
t for both membranes. For all couples (t1,t2)
estimate the pair of matrixes A using models fitted
in step 1. Resolve the system (5) for both matrixes.
Estimate the distance between obtained vectors
pi, in a sense of Euclidean norm.
5. The couple (t1,t2) for which the calculated distance
is the smallest is the estimation of the membrane
thickness of the used test structures. As a result of
extraction, the average vector of both vectors pi1
and pi2 obtained for this couple can be received.
Presented above algorithm was used for extraction
of piezoresistance coefficient. The results of
measurement of piezoresistors and results of
extraction are presented in Table 1.
Table 1.
Membrane
thinner
membrane
thicker
R1[Ω] 0kPa 4724.88 4795.64
100kPa 4492.96 4675.32
R2[Ω] 0kPa 4740.80 4728.00
100kPa 4979.80 4851.20
Results
t [µm] 16.450 22.620
piL [10-4MPa-1] 6.947 7.057
piT [10-4MPa-1] -5.967 -5.967
Average piL = 7.00 [10-4MPa-1]
piT = -5.97 [10-4MPa-1]
Conclusions
The extension of the piezoresistance coefficient
extraction method was proposed. This new approach
can be used for protection from errors in estimation of
the thickness of the test structure membrane. This
method requires to find nonlinear models of elements
of a certain matrix A as a functions of the membrane
thickness and use two test structures with different
thickness of the membrane. The estimation of
piezoresistance coefficients piL and piT and the
thickness of the used test structures membranes are
obtained as a result of extraction.
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